A HOMOLOGICAL REFORMULATION OF THE LINK CONDITION 



RISHI WAS 



Abstract. We prove an equivalent condition for the existence of a link between prime ideals 
in terms of the structure of a certain cohomology module. We use this formulation to answer 
an open question regarding the nature of module extensions over one sided noetherian rings. 
We apply the techniques developed in this paper to the local link structure of prime ideals 
of small homological height and examine when certain noetherian rings satisfy the density 
condition. 



All rings in this paper are associative with a unit. 

When can one localize at a prime ideal in a noncommutative noetherian ring? It is well known 
that this is not always possible. The key insight of Muller, Jategaonkar and others was to realize 
that, in some situations, the obstructions to localization are other prime ideals and other prime 
ideals alone. For an overview of this theory, we recommend [9] or [16]; another good reference 
is Jategaonkar's monograph, [11]. There exists a relation on Spcc(_R), called a link (denoted 
by w), which measures this obstruction; if X is a right Ore set contained in Cr(Q), the set of 
elements of R regular modulo Q, and P is a prime ideal such that P ~> Q, then X is contained 
in Cr(P) [9, Lemma 14.17]. Determining this relation, however, can be a reasonably involved 
task. The existence of these links can be deduced from certain module extensions, and in order 
to ensure that suitable module extensions allow us to detect links, we must ensure that our rings 
satisfy the second layer condition. Given a module over a ring which satisfies the second layer 
condition, it is possible to break M up into layers, each of which is a fully faithful module over 
some prime factor of R, such that the associated primes are linked to each other. The reader 
can find more details about the second layer condition in [9] or [11]. 

In this paper, we attempt to give a homological criterion for this relation. Much of what 
is done below is just a translation of what is known into a different language, but in a setting 
where the tools of homological algebra are then available to work with. This approach leads to 
certain applications. It is well known that uniform modules over right noetherian rings come 
in two distinct flavours: tame and wild. Jategaonkar's main lemma, [9, Theorem 12.1], can 
be interpreted as saying that if we take a tame uniform module U over a noetherian ring and 
quotient by the affiliated submodule corresponding to its unique associated prime, in many cases 
the resulting quotient module (the 'second layer' of U) contains only tame submodules; we prove 
the corresponding statement for one sided noetherian rings in Theorem 1.14. One can ask the 
corresponding question for wild modules: is the second layer of a wild uniform module over a 
noetherian ring wild? We show that this is indeed the case for many families of noetherian rings. 
This gives information about the structure of indecomposable injective modules over noetherian 
rings. Another application is in §5, where we describe the link structure of 'small' prime ideals 
in certain rings. 

In §1, we define the truncated local cohomology of a module at an ideal, and show how the 
truncated local cohomology at the 'point' of an injective module contains all possible second 
layers. This 'global' approach is then used to give a new proof of the fact that second layers 
of torsionfree modules are torsionfrce. Wc prove a version of Jategaonkcr's main lemma, [9, 
Theorem 12.1], as Theorem 1.14: 

Theorem. Let R be a right noetherian ring, and let M be an R-module with an affiliated series 
< U < e M , with corresponding affiliated primes Q and P. Then, one of the following two 
situations occur, and they are mutually exclusive: 

i.) P < Q, andU < ann M (-P)- 
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ii.) M/U embeds into Ext l R (R/P, ann^Q)), where E is the injective hull of M . There is an 
indecomposable injective module E 1 with assassinator Q such that Ext R {R/ P, aim e'{Q)) 
contains a fully faithful R/F '-module. In this case, if U is a torsionfree R/Q-module, 
then M/U is a torsionfree Rj P -module. 

Unlike the classical arguments, our arguments work in the context of one sided noetherian 
rings. This allows us to answer the open question posed at the end of [9, Exercise 12P, pg. 219] 
in the affirmative. 

In §2 we reprove some known results from a slightly different perspective. While the methods 
in this section were arrived at independently by the author, some of the ideas used are hinted at 
by Brown and Warficld in [6] and by Brown in [3] . The point of this section is to show that it is 
possible to deduce the existence of a link by directly considering the module theoretic structure 
of our truncated local cohomology modules. 

In §3, we study how the structure of our local cohomology modules impacts the link structure 
of our clique. It is a major and long-standing open question in the theory of noetherian rings 
as to whether links can form between comparable prime ideals. We establish some conditions 
for incomparability in terms of the structure of our local cohomology modules. The following 
appears as Corollary 3.8: 

Theorem. Let R be a right noetherian ring, and let Q be a prime ideal. Then, the following 
are equivalent: 

i. ) There does not exist a prime ideal P such that P > Q and P Q. 

ii. ) The set of left torsion elements of Q/Q 2 is contained in the right torsion subbimodule of 

Q/Q 2 . 

iii. ) Ext^(i?/Q, Q(R/Q)) is injective as a right R/Q-module. 

iv. ) Ton:f^(R/I,Q/Q 2 ) is torsion as a right R/Q-module for any left ideal I < R/Q. 

v. ) Ext R {R/P, Q{R/Qj) = for all P>Q. 

vi. ) Ext^( — ,Q(R/Q)) is an exact functor on the category of R/Q -modules. 

Some of the arguments that we use to establish the above result can also be recycled in our 
attempt to study how the structure of the tame indecomposable injective module associated to a 
prime ideal P impacts the structure of the various wild indecomposable injectives associated to 
P. Work has been done in the past on converses to Jategaonkar's main lemma for wild modules 
(see [6]). We prove some results of a similar flavour, for example: 

Corollary (Corollary 3.12). Let R be a right noetherian ring. IfEid R (R/P, Q(R/Q)) ^ 0, then 
Ext R (R/P, annE(Q)) for all indecomposable injective modules E with assassinator Q. 

In §4, we study the links that arise between small prime ideals for suitably nice rings. We show 
that for a reasonably large class of rings, the structure of a clique of prime ideals of homological 
height 1 is very simple. We also prove a result regarding the structure of a clique of prime ideals 
of homological height 2. In particular, we show that there is a map on the spectrum of our ring 
R, often induced by a distinguished automorphism of R, which plays a role in determining the 
localizability of small prime ideals. 

Jatcgaonkar showed, in [12, Theorem 3.5], that the second layers of wild modules are wild if 
and only if R happened to satisfy the right density condition. In §5, we see how homological 
restrictions on our ring allow us to study questions regarding the density of certain modules. 
We show that a large number of rings satisfy the right density condition. Using Proposition 5.3, 
Theorem 5.7 in particular proves the following: 

Theorem. Let k be a field. Let A be a k-algebra such that either: 

a. ) A has a noetherian connected filtration such that gr(A) is commutative of finite global 

dimension. 

b. ) A is a complete, Auslander- Regular, local algebra with maximal ideal m such that A/m 

is finite dimensional over k. 
Suppose every clique in A is localizable. Then A satisfies the right density condition. In partic- 
ular, the second layer of a wild indecomposable injective module over A is wild. 



A HOMOLOGICAL REFORMULATION OF THE LINK CONDITION 



Unless we explicitly mention otherwise, modules over R will be right modules. We will always 
assume that R is right noetherian, though we continue to mention it in the hypotheses of our 
results for the sake of clarity, and we will explicitly mention the fact that R is noetherian (by 
which wc mean right and left noetherian) whenever we require it. 

1. Truncated Local Cohomology 

Any uniform module U over a right noetherian ring R has a unique associated prime, which 
is then called the assassinator of U . Note that an injective module is uniform if and only if it 
is indecomposable. We remind the reader about some notation: if M is an i?-module and I an 
ideal of R, annM(I) := {x 6 M\xl = 0}. 

Definition 1.1. Let R be a ring. Let U be a uniform module over R, with assassinator Q. 
Define pt(f7) := ann;y(<2)- We will call pt(U) the 'point' of U. 

Definition 1.2. Let R be a ring. Let U be a uniform module over R, with assassinator Q. The 
'second layer' of U is the module C//pt(£7). 

The reader should be aware that there are other definitions of the 'second layer' of a module 
in the literature which do not coincide with ours. Indeed, our definition is not a very good one 
a better definition of the second layer of a uniform module U would involve the affiliated primes 
of C//pt(?7). Our definition is purely for bookkeeping purposes; we will not need anything more 
complicated in this paper. 

It is immediate that for any i?-module M , there is a natural isomorphism of i?/i-modulcs 
Hom^(i?/i, M) = annj\/(I) for any ideal I. Thus, if E is an indecomposable injective module 
over R with assassinator P, pt(E) is an indecomposable injective over R/P. 

Given a prime ideal P in R, let Ep be the injective hull of any uniform right ideal of R/P over 
R. It can be shown that this construction, up to isomorphism, is independent of the choice of 
right ideal, and Ep can be characterized as the unique indecomposable injective with assassinator 
P such that pt(-Ep) is torsionfree as an i?/P-module. We can explicitly describe pt(-Ep): it is 
the unique simple module of the Goldie quotient ring of R/P. 

In general, an indecomposable injective module is called tame if it is Eq for some prime Q, 
and wild otherwise. We extend this definition by saying that a uniform module is tame (resp. 
wild) if its injective hull is tame (resp. wild). 

Definition 1.3. Let R be a ring. Let I be an ideal of R. The i th truncated local cohomology 
of M at I, TT\(M), is Ext^j(iJ/7,M). 

By abuse of language, we will usually refer to Tr}(M) as the local cohomology of M at I 
when there is no chance of confusion. When P is a prime ideal, TLp (M) is a useful invariant of 
M. Its structure as an i?/P-module can be used to determine the multiplicity of Ep in the i th 
term of a minimal injective resolution of M — to be precise, we have the following result: 

Lemma 1.4. Let R be a right noetherian ring. Let M be a right R-module with minimal 
injective resolution I . Then, the multiplicity of Ep as a summand of L % is the reduced rank of 
Ext^j (R/P, M) as a right R/ P -module. In particular, Ep appears as a summand in I % if and 
only if Fixt l R (R/P, M) is not torsion as an R/P-module. 

Proof. [22, Lemma 2.5]. □ 

As TV i is a (5-functor, we have, for any exact sequence of modules 0— > U — > V — > V/U — > 
a corresponding long exact sequence of i?/7-modulcs 

(1.4.1) TT a j(U) -> TT°j(V) -> TT%V/U) TT](U) Tr}(U) ... 

We will use the notation d to denote the boundary map in the above long exact sequence. 

Let us describe the behaviour of this exact sequence in a special situation. We will begin by 
giving two versions of a general lemma showing the annihilators of the n th 'layer' of a module 
at a prime ideal P sit inside suitable Ext modules. The first variant is essentially a computation 
of local cohomology at a power of a prime ideal P. The second is just a restatement of the first 
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version, but in a form where the curious dichotomy of the situation becomes apparent; this is 
the form that we will use for our homological formulation of the link condition. 

Lemma 1.5. Let R be a right noetherian ring, and suppose V is an R-module with a series 
< U < e V , with U the affiliated submodule corresponding to the affiliated prime Q. Let P 
be a prime ideal in R. Then, one of the following two situations occur, and they are mutually 
exclusive: 

i. ) P ^ Q, and the map induced by d embeds r FT prl Q(V)/TrQ(V) into TTp n (U) for all n. 

ii. ) P < Q, and the map induced by d embeds TT pn Q(V)/TT pn (V) into TT pn (U) for all n. 

Proof. This follows from examining the long exact sequence, as in eq. (1.4.1), arising from the 
short exact sequence 0— > U ^ V ^ V/U — > with respect to the ideal P n . Recall that the 
map d in the statement of the lemma is the boundary map in the above long exact sequence. 

First, note that TV° P „(V/U) ^ TT pnQ (V)/U. If P ^ Q, then TT% n (U) and thus TT° pn (V) 
are both 0. Note that U = TTq(V), as it is the affiliated submodule corresponding to the 
affiliated prime Q. Thus, the first situation holds. 

However, if P < Q, then by examining the long exact sequence and arguing in a similar 
fashion, we see that the second situation holds. □ 

This lemma allows us to see the analogy with Maths' theory of indecomposable injectives over 
a commutative noetherian ring (see [13, pg. 99]). We indulge ourselves by going through the 
details. 

Corollary 1.6. Let R be a right noetherian ring, and let P be a prime ideal. Let E be an 
indecomposable infective module with associated prime Q. Then, there are the following isomor- 
phisms: 

i. ) IfP^Q, then TT° pnQ (E)/ pt(E) Trp„(pt(£)) for all n. 

ii. ) If P < Q, then TT pnQ (E)/TT a pn (E) ~ TTp„(pt(E)) for all n. 

Proof. The fact that E is injective tells us that the maps in Lemma 1.5 arc isomorphisms. The 
result follows. □ 

For the rest of this paper, we will only be concerned with local cohomology at a prime ideal 

P. 

Lemma 1.7. Let R be a right noetherian ring, and suppose V is an R-module with a series 
< U < e V, with U the affiliated submodule corresponding to the affiliated prime Q. Let P 
be a prime ideal in R. Then, one of the following two situations occur, and they are mutually 
exclusive: 

i. ) P < Q, and TT° P (U) < TT° P (V). 

ii. ) The boundary map d : TT P (V/U) -> TTp(U) is injective. 

Proof. The boundary map is injective if and only if TT P (U) = TT P (V). If P is not contained 
in Q, TT°p(U) and thus TT° P (V) are as U is a fully faithful i?/Q-modulc and U < e V. If 
P = Q, then TT P (U) = TT P (V). In both cases, the long exact sequence informs us that 
d : TT P (V/U) — > TTp(U) is injective. It follows that if the second situation docs not occur, 
then P < Q and TT° P (U) < TT° P (V). □ 

Matters become even sharper when we restrict ourselves to injective modules. 

Proposition 1.8. Let R be a right noetherian ring, and consider an indecomposable injective E 
with associated prime Q. Let P be a prime ideal in R. Then, one of the following two situations 
occur, and they are mutually exclusive: 

i. ) P < Q, and there is an exact sequence 

TT° P (E)/pt(E) -> TT° P (E/pt(E)) -> TT P ( V t(E)) ->. 0. 

ii. ) The boundary map d : TT P (E/ pt(_E)) — > Trp(pt(£')) is an isomorphism. 

If E = Eq, then the torsion submodule of TT P (pt(EQ)) is unfaithful as an Rj P-module. 
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Proof. Note that TT P (E) = as E is an injective P-module. Thus the boundary map is 
surjectivc. If P is not contained in Q or is equal to Q, the argument follows as in Lemma 1.7 
and we see that the boundary map is an isomorphism. If P < Q, suppose that TTp (pt(P)) = 
TT° P (E). As P < Q, TT P (pt(E)) = pt(E). Now, TF P (P) is an injective P/P-module, and 
thus pt(P) is an injective, unfaithful P/P-module. However, over a prime right noetherian ring, 
injective modules are faithful [9, Lemma 14.9]. Thus TTp(pt(J5)) S Tr p(P), and the boundary 
map is not injective. This completes the argument for the first part of the proposition. 

Now, let E = Eq. Since pt(Eg) is the unique simple module for Q(R/Q), the Goldie quotient 
ring of R/Q, TFp(pt(P Q )) is a summand of TTp(Q(R/Q)). This is a (Q(R/Q), P/P)-bimodule, 
and is finitely generated on the left. By [9, Lemma 8.3], the torsion submodulc of TTp(Q(R/Q)) 
is unfaithful, and the same therefore holds for Trp(pt(P Q )). This proves the second assertion. 

□ 

The following corollaries are an immediate consequence of the above proposition. 

Corollary 1.9. Let R be a right noetherian ring, and suppose that V is a uniform module with 
an affiliated series < U < e V, with corresponding affiliated primes Q and P. If ann;y(P) = 
anny(P), then V/U embeds into TT P (pt(E)), where E is the injective hull ofV. In particular, 
TFp(pt(P)) contains a fully faithful R/ P-submodule. 

Proof. We know that V embeds into some indecomposable injective module E with assassinator 
Q, and thus that V/U embeds into E / pt(P). If P is not properly contained in Q, then the 
second situation in Proposition 1.8 occurs, and V/U embeds in Trp(pt(P)). Thus TT p (pt(E)) 
contains a fully faithful submodulc. If, on the other hand, P < Q, then we are in the first 
situation in Proposition 1.8. There is an exact sequence 

—¥ annp(P)/pt(P) TF P (P/pt(P)) —¥ TT P (pt(E)) -> 0. 

Our conditions on V imply that V D annp(P) = U. From the above exact sequence, we again 
see that V/U embeds in TFp(pt(P)). □ 

Corollary 1.10. Let R be a right noetherian ring, and suppose that V is a uniform module with 
an affiliated series < U < e V , with corresponding affiliated primes Q and P. Suppose U is a 
torsionfree R/Q-module. If ann;y(P) = anny(P), then V/U is a torsionfree R/P-module. 

Proof. As in Corollary 1.9, V/U embeds into Trp(pt(Pg)). By Proposition 1.8, the torsion 
submodule of Trp(pt(P Q )) is unfaithful. As V/U is fully faithful as an P/P-module, it follows 
that V/U is torsionfree. □ 

We note that the above two corollaries hold without the assumption that V is uniform. See 
Theorem 1.14. 

There is a converse to Corollary 1.10. Compare the following with [9, Theorem 12.2]. 

Proposition 1.11. Let R be a right noetherian ring, and let P and Q be prime ideals. If 
Trp(pt(Pg)) has a torsionfree submodule as an R/P-module, then there exists a finitely gener- 
ated uniform right module V with an affiliated series < U < V with corresponding affiliated 
primes Q and P such that U is a finitely generated torsionfree uniform R/Q-module and V/U 
is isomorphic to a uniform right ideal of R/P. If R/Q is a left Goldie ring, then U is also 
isomorphic to a uniform right ideal of R/Q. 

Proof. There are two cases to deal with. Let us first suppose that P is not contained properly in 
Q. Then Proposition 1.8 tells us that d : TT P (E Q / pt(P Q )) TTp{pt(E Q )) is an isomorphism. 
As Trp(pt(P Q )) is not torsion over R/P, there exists a submodule W < TT° P (E Q / pt(P Q )) 
which we can take to be isomorphic to a uniform right ideal of R/P. This pulls back under 
the natural projection map to give us a submodule V of Eq such that V / pt(Pg) = W. Let 
x e V'-pt(E Q ). Then, V = xR has an affiliated series < U = Vn P t(E Q ) < V with affiliated 
primes Q and P. 

If, on the other hand, P < Q, then there is an exact sequence 

-> TFp(P Q )/pt(P Q ) -> TFp(P Q /pt(P Q )) -> TFp(pt(P Q )) -> 0. 
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As TT p (Eq/ pt(£ , Q)) is not torsion, we see that there exists a torsionfree P/P-submodule 
W < TT P {E Q /pt{E Q )) — this implies that W n TT° p (Eq)/ pt(E Q ) = 0. We can take W 
to be isomorphic to a uniform right ideal oiR/P. This pulls back to a submodule V of Eq such 
that V' ("1 TT P (E Q ) = pt(E Q ). We have that V / pt(E Q ) = W. We can now proceed as in the 
previous case to cut V' down to a finitely generated module. 

If R/Q is left Goldic, then any torsionfree uniform finitely generated P/Q-module is isomor- 
phic to a right ideal of R/Q ([9, Corollary 7.20]). □ 

Before continuing, let us take a moment to compare what we have been done above to what 
was known before. 

To give the reader a chance to see the analogy, we state the main classical result as it appears 
in [9, Theorem 12.1]. Before doing so, we need to define the notion of a link between prime 
ideals ([11, Chapter 5.3]). 

Definition 1.12. Let P and Q be prime ideals in R, where R is right noetherian. We say that 
P is linked to Q, P ~* Q, if there exists an ideal A such that PQ < A < P HQ with P n Q/A 
fully faithful as a left P/P-module and torsionfree as a right P/Q-module. In this case, PDQ/A 
is called a linking bimodule. There is a corresponding definition for left noetherian rings. 

[9, Lemma 8.1] tells us that the above definition reduces to the standard one for prime ideals 
in a noetherian ring when R is noetherian. 

This relation gives Spec(R) the structure of a directed graph. The connected component of 
P is called the clique of P. The prime ideals that appear in the clique of P are the primary 
obstruction to localizing at P. In general, the existence of non-trivial links from a prime ideal 
tell us that we are unable to localize at only that prime in any sensible way. In nice situations, 
though, we are often able to localize at the entire clique and reduce to a more favourable position, 
where our prime is a (but not necessarily the only!) maximal ideal. A good reference for this 
material is [9, Chapters 12 and 14], or Jategaonkar's own monograph on localization in noetherian 
rings, [11]. 

Theorem 1.13 (Jategaonkar's main lemma). Let R be a noetherian ring, and let M be an 
R-module with an affiliated series < U < e M, with corresponding affiliated primes Q and 
P. Suppose that M' is a submodule containing U such that the annihilator of M' is maximal 
amongst annihilators of submodules properly containing U. Let A = ann^(M'). Then, one of 
the following two situations occur: 

i. ) P < Q, M'P = 0, and both M' and M'/U are faithful torsion RjP -modules. 

ii. ) P Q, with P Pi Q/A a linking bimodule. In this case, if U is torsionfree as an R/Q- 

module, then M'/U is torsionfree as an R/ P -module. 

Proof. [9, Theorem 12.1] □ 

We view Corollary 1.9 as a translation of Theorem 1.13. Indeed, if one examines the as- 
sumptions on M' in Theorem 1.13, then by taking A = ann^(M') as large as possible, we are 
assuming that every submodule in M' not contained in U has annihilator A. If P is not con- 
tained in Q, then, as in Proposition 1.8, there is no problem. If P is contained in Q, then the 
dichotomy expressed in Theorem 1.13 is precisely the dichotomy between ann^(P) = annjvf'(P) 
and annc/(P) < ann M /(P). One should view M'/U appearing in TLp(TLg(P)), where E is 
the injective hull of M' as the favourable eventuality, as we then have that our local cohomol- 
ogy modules have fully faithful submodules. In §2, we will show that this is equivalent to the 
existence of a link. We state and prove our variant of Theorem 1.13 explicitly. 

Theorem 1.14. Let R be a right noetherian ring, and let M be an R-module with an affiliated 
series < U < e M, with corresponding affiliated primes Q and P. Then, one of the following 
two situations occur, and they are mutually exclusive: 

i. ) P <Q, and TT° P (U) < TT° P (M). 

ii. ) M/U embeds into TT p (TTq(E)) , where E is the injective hull of M. There is an 

indecomposable summand of E, E' , with assassinator Q such that TLp(pt(P')) contains 
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a fully faithful R/ P -module. In this case, if U is a torsionfree R/Q-module, then M/U 
is a torsionfree Rj 1 P '-module. 

Proof. Most of the work has already been done. The fact that U < e M tells us that Q is an 
affiliated prime of E, and that TT° Q (E) < e E. As R is right noetherian, E is a direct sum of 
indecomposable injectives, say Each Ei has assassinator Q, and TTq(E) = @pt(Ei). 

As in Corollary 1.9, we have that situation ii.) arises precisely when M/U embeds into 
Tr^(TT^(£;)). In this case, TT P (TT a Q (E)) = ©Tl^pt^)) has a fully faithful i?/P-submodule. 
We can assume that this submodule is finitely generated and uniform, thereby implying that it 
sits inside TT P (pt(Ei)) for some i. 

If U were torsionfree, then in the above decomposition it follows that Ei = Eq for all i. Thus 
the torsion submodule of TTp(TT° Q (E)) is unfaithful. As M/U is fully faithful, we have that it 
is torsionfree. □ 

Theorem 1.14, as of now, does not give us a link between P and Q. In Theorem 1.13, the 
proof that M' /U is torsionfree when U is torsionfree applies only to noetherian rings, as we need 
to go through the linking bimodule. The argument in Theorem 1.14 recovers the situation, and 
shows that matters behave similarly for one sided noetherian rings; it should be noted that until 
now, the question of whether matters behave similarly in the one sided noetherian case was open 
([9, pg. 219]). 

Remark. Jategaonkar, in [11, pg. 188], offers the following definition of the second layer condition 
for a prime ideal in a right noetherian ring: a prime ideal P in a right noetherian ring satisfies 
the right second layer condition if every uniform submodule of the second layer of Ep is tame. 
However, one can also be tempted to define the second layer condition in a manner analogous to 
how it is defined for noetherian rings, i.e. we can say that a prime ideal P satisfies the right second 
layer condition if, under the hypothesis of Theorem 1.14, situation ii.) always occurs when U is 
torsionfree as an i?/<5-modulc. It follows from Theorem 1.14 that this definition is equivalent 
to Jategaonkar's. In a similar fashion, we say that a prime ideal P in a right noetherian ring 
satisfies the strong second layer condition if, under the hypothesis of Theorem 1.14, situation 
ii.) always occurs. 

2. The Link and Tor 

The purpose of this section is to show how it is possible to relate module extensions and 
links between prime ideals by using homological methods. While the conclusions of the results 
obtained in this section are already known (see [9, Chapter 12]), the proofs are new; indeed, 
the purpose of this section is to show that the existence of a link can be directly deduced by 
considering the module theoretic structure of these Ext modules. 

The following is a trivial result that describes the structure of the Tor functor in low degrees. 
While we will only use Tori in this section, we record the other information for use later. 

Lemma 2.1. Let R be a ring, and let P and Q be prime ideals. Then, there are the following 
isomorphisms: 

a. ) Tor* (R/P,R/Q) = R/(P + Q). 

b. ) Torf (R/P, R/Q) = P n Q/PQ. 

c. ) Tor% (R/P, R/Q) S kcr(F ® R Q -> PQ). 

Proof. The first statement is a trivial manipulation of the tensor product. For the second 
one, we have an exact sequence Q Q ^> R — > R/Q — > 0, leading to an exact sequence 
-> Torf (R/P, R/Q) -> Q/PQ -> R/P -> R/(P + Q) -> 0. The statement follows. For the 
third, we can dimension shift to get that Torf (R/P, R/Q) = Torf (R/P, Q). Considering the 
long exact sequence that arises from the short exact sequence 0— > P — > R — > R/ P ^ now 
gives us our result. □ 

The key point of Jategaonkar's work is that certain well behaved module extensions allow us 
to deduce the existence of links between prime ideals. We show that it is possible to express 
some of these results in the language of homological algebra. It appears that the relationship 
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between extensions of modules with suitable associated primes and the structure of the linking 
bimodulc between these prime ideals comes arises from a spectral sequence. 

Suppose R, S, U, and V are rings, and we have bimodules uLr, rM$ and yNs- The standard 
adjunction between ® and Horn gives us the following isomorphism of (V, J7)-bimodulcs: 

Uom R (L, Hom s (M, AT)) ^ Uom s (L ® R M, N). 

We can derive this to get the following spectral sequence. 

Proposition 2.2. Let R, S , U , and V be rings, and suppose we have bimodules uLr, rM$ and 
vN$- Then there exist two spectral sequences of (V,U) -bimodules, { l Ef ,q } r >2 and { n E P ' q ]»2, 
converging to the same graded object H n , with 

^P' 01 = Ext P R (L,Ext q s (M,N)), 

n EP' q S Ext|(Torf {L, M),N). 

Proof. There is a standard argument that is used to prove results of this type - see [18, Chapter 
5.6]. However, the subtlety in our situation arises because we wish to construct spectral sequences 
of bimodules; in general, we do not know whether it is possible to extract resolutions of L and 
TV which are both composed of bimodules and are acyclic with respect to the functors that we 
are deriving. 

To get around this, we note the following fact: the taking of a projective resolution is a functor 
from the category of right i?-modulcs to K(R), the homotopy category of (co)chain complexes 
of right i?-modules ([18, Theorem 2.26, Theorem 2.37]). Thus, if L is a (U, i?)-bimodule, and 
P is a projective resolution (of i?-modules) of L, then there is a ring homomorphism U — > 
Endx(_R) (P)- In a similar fashion, let I be an injective resolution of N as an R- module. If N 
is a (V, S')-bimodule, then there is a ring homomorphism V — > Endx(.R)(-0- These actions are 
preserved by the tensor product, taking Horn, and taking homology groups. If both L and N 
are bimodules, the reader can check that these actions are compatible with each other. Now, we 
form the standard double complex, and extract the two spectral sequences that emerge, using 
the adjunction that we described before this result. Let us describe the construction of the first 
spectral sequence given above in a bit more detail; the construction of the second is similar. 

Form the double complex C VA = Hom^(P p , Homs(M, I q )). These abelian groups are not 
necessarily (V, [7)-bimodulcs (the rings act only up to homotopy); however, every element 
v G V (resp. u G U) does act as an endomorphism of this abelian group, and given / G 
Homjj^Pp, Homs(M, I q )), (vf)u = v(fu). The maps in the double complex preserve the action 
of both u and v, for all u € U and v G V. If we look at the spectral sequence arising from the 
filtration of the above double complex by columns, we see that 

i E P, q ^ Hom^Pp, Ext|(M, iV)). 

These actually are left 1^-modules, as V does act on the abelian group up to homotopy, and 
there is still an action of every element u G U on the right. Again, all of the maps in the 
spectral sequence preserve these actions. It then follows that the groups on the : E2 page are 
(V, C/)-bimodulcs. Matters for the second spectral sequence are similar. □ 

Remark. The above result appears for algebras over a field in [5, Proposition 1.3]. When working 
with algebras defined over a field, it is possible to take suitable resolutions of bimodules, and we 
can thus avoid working in the homotopy category. 

In particular, for any indecomposable injective E with assassinator Q, there is a spectral 
sequence 

= Ext p R/Q (Torf(R/P,R/Q),pt(E)) TT p +q (pt(E)). 

We are especially interested in TTp(pt(E)). As pt(E) is an injective -R/Q-module, E^ = for 
all p > 1. It follows that Ej' = 0, and e!]' 1 = E^ 1 . Therefore, there is an isomorphism: 



(2.2.1) 



Rom R/Q (ToT?(R/P,R/Q), V t(E)) £* TI^(pt(£)). 
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With this isomorphism, we can now recover the connection between module extensions and 
links. 

Theorem 2.3. Let R be a right noetherian ring, and let P and Q be prime ideals. Let E be an 
indecomposable infective with assassinator Q . IfTTp(pt(E)) has a fully faithful R/ P-submodule, 
then there exists an ideal A such that PQ < A < P n Q with P n Q/A fully faithful as a left 
Rj P -module and as a right R/Q-module. If R is noetherian, then P Q. 

Proof. Using eq. (2.2.1) and Lemma 2.1, there exists a fully faithful submodule of 

Rom R/Q (PnQ/PQ,pt(E)), 

say, M. Let 0^/6 M, and take A to be a maximal ideal containing PQ and contained in 
P H Q such that A is contained in ker(/r) for some r £ R/P such that fr ^ 0. It should be 
noted that in any bimodulc B, the existence of a one sided unfaithful submodule is equivalent 
to the existence of a sub-bimodule unfaithful on one side. 

We first show that PnQ/A is fully faithful as a right P/Q-modulc. Let A' be a sub-bimodule 
of P D Q/A which is unfaithful on the right. We have that there exists an ideal I such that 
(A' /A) I = 0. As pt(E) is a fully faithful -R/Q-module, A' is contained in ker(/r-), contradicting 
the maximality of A. Thus P n Q/A is fully faithful as a right P/Q-module. 

We now proceed to show that P n Q/A is fully faithful as a left P/P-module. Observe that 
Rom R / Q (Pr\Q/A,pt(E)) embeds in Roisi r /q(P C\Q / PQ,pt(E)). Let fr — g. As A is contained 
in kei(g), we have that gR is a fully faithful submodule of Roir r /q(P n Q/A,pt(E)). Suppose 
B is a sub-bimodule of P n Q/A which is unfaithful as an P/P-module. Note that P n Q/A 
is faithful as a left P/P-modulc; if not, we would contradict the faithfulness of gR. If B is 
non-zero, then by the maximality of A, it follows that B is not contained in ker(gr) for any r 
such that gr ^ 0. 

There is an exact sequence 

Eom R/Q (P n Q/B,pt(E)) Rom R/Q (P n Q/A,pt(E)) -y Rom R/Q (B/A,pt(E)) 0. 

Since B/A is unfaithful as a left P/P-module, there exists an I > P such that IB is contained in 
A. This implies that the last term in the above exact sequence is unfaithful as an P/P-module, 
because / annihilates it. The fact that B is not contained in kcr(gr) for any r such that gr ^ 
implies that gR embeds into Rom R /Q(B /A, pt(E)). However, this contradicts the fact that gR 
is a faithful P/P-module. Thus B = 0, and P n Q/A is fully faithful as an i?/P-module. 

If R is noetherian, then [9, Lemma 8.1] tells us that we have a link P Q. □ 

For tame modules, there is a slightly stronger variant of Theorem 2.3. 

Theorem 2.4. Let R be a right noetherian ring, and let P and Q be prime ideals. Let Eq 
be the tame indecomposable infective with assassinator Q. If TLp(pt(Pg)) has a torsionfree 
R/ P-submodule, then P Q. 

Proof. Again, we can proceed as in Theorem 2.3. In this case, the fact that pt (Eq) is torsionfree 
allows us to show that our bimodule is torsionfree on the right. We then argue as in Theorem 2.3 
to get fully faithfulness on the left. □ 

The above results tell us that in general, nice structural properties of our local cohomol- 
ogy modules allow us to see the existence of links. For tame modules, there is a converse to 
Theorem 2.4: links arc reflected in the local cohomology. 

Theorem 2.5. Let R be a right noetherian ring, and let P and Q be prime ideals. Let Eq be 
the indecomposable tame infective with assassinator Q. Then, TLp(pt(Pg)) has a torsionfree 
R/ P-submodule if there exists an ideal A such that PQ < A < P n Q with P n Q/A faithful as 
a left R/P -module and torsionfree as a right R/Q-module. 

Proof. Suppose there exists an ideal A such that PQ < A < P (1 Q with P n Q/A faithful 
as a left P/P-module and torsionfree as a right P/Q-modulc. As P (~1 Q/A is torsionfree as 
an P/Q-module, we know that there is an injective map / : P fl Q/A — > pt(£ l ( g)" for some 
n. Let this map decompose into /i, with each /,; s Hom^/g(P n Q/PQ, pt(Pg)). If 



10 



MS HI VYAS 



Hohir/q(P n Q/PQ,pt(Eq)) is torsion as an R/P- module, we would have that there exists 
Cj G Cr(P) such that /jCj = 0. Taking a common denominator, we see that there exists a 
c £ Cr{P) such that /c = 0. This implies that f{cx) = for all x E P HQ/ A. As / is injective, 
we have that cx = for all x, i.e. that P P\ Q/A is unfaithful, which is a contradiction. Thus 
HoHifj/^PflQ/PQ, pt(£ , Q)) is not torsion, and as R/P is right noetherian, it follows that there 
exists a torsionfrec submodule. The isomorphism eq. (2.2.1) now completes the argument. □ 

Wc can now fully recover the conclusions of Jategaonkar's main lemma, Theorem 1.13. If we 
are in the second case of the theorem, then TTp(pt(E)) has a fully faithful i?/P-submodule, 
thereby implying that P Q by Theorem 2.3. It appears as if the local cohomology acts as 
a bridge between module extensions and links. This perspective is useful because it tells us 
exactly where in the argument we need to assume that our ring is two sided noetherian. The 
relationship between module extensions and local cohomology works over one sided noetherian 
rings, while the relationship between local cohomology and the linking bimodule requires a two 
sided hypothesis. 

3. TTp(pt(E)) and Incomparability Conditions 

The aim of this section is to convince the reader that the structure of TTp(pt(EQ)) as an 
R/P- module has a strong correlation with the structure of the clique of Q. Wc begin with a 
general lemma on bimodules. 

Lemma 3.1. Let S and T be rings, and suppose T is prime right Goldie. Let B be an (S,T)- 
bimodule which is of finite length as a left S -module. Then, the following are equivalent: 

i. ) B is fully faithful as a T -module. 

ii. ) B is torsionfree as a T -module. 

iii. ) B is divisible as a T -module. 

iv. ) B is injective as a T -module. 

Proof. If B is an (S, T)-bimodulc with finite length as an S'-module, and T is prime right Goldic, 
then B is torsionfrec if and only if it is divisible, as right multiplication by a regular clement of 
T will be surjective if and only if it is injective as an S'-module map from B to itself. Thus ii.) 
and iii.) are equivalent. Over a semiprime right Goldie ring, torsionfree divisible modules are 
injective ([9, Proposition 7.11]), and injective modules are divisible. Thus iv.) is also equivalent 
to the above statements. Finally, torsionfree modules over prime right Goldie rings are fully 
faithful ([9, Lemma 7.22]), which gives us the implication ii.) => L), while i.) => ii.) follows from 
[9, Lemma 8.3]. □ 

Corollary 3.2. Let R be a right noetherian ring. Let P and Q be prime ideals, and con- 
sider TT P (Q(R/Q)). Then, TT P (Q(R/Q)) is a (Q(R/Q), R/ P) -bimodule of finite length as a 
Q(R/Q) -module. Furthermore, the following are equivalent: 

i.) TFp(Q(R/Q)) is fully faithful as an R/ P-module. 

ii. ) TFp(Q(R/Q)) is torsionfree as an R/ P -module. 

iii. ) TT P (Q(R/Q)) is divisible as an R/ P-module. 

iv. ) TTp(Q(R/Q)) is injective as an R/ P-module. 

As all of the above properties are preserved under summands and finite direct sums, we also 
have a similar statement for Trp(pt(£Q)). 

Proof. It is immediate that TT P (Q(R/Q)) is a (Q(R/Q), i?/P)-bimodule. As Q{R/Q) is simple 
artinian, and R is right noetherian, it follows that TT P (Q(R/Q)) is finitely generated, and thus 
of finite length as a Q(P/Q)-module. We can now apply Lemma 3.1. □ 

We now collect a few results that describe how the structure of the local cohomology modules 
impacts the clique structure of the ring. 

Proposition 3.3. Let R be a right noetherian ring, and let P and Q be prime ideals, with P 
not strictly contained in Q. Then, 
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• TTp(pt(i?Q)) = if and only if there does not exist a prime ideal P' containing P such 
that P' -w Q. 

• Trp(pt(i?Q)) ^ and has torsion as an R/ P-module if and only if there exists a prime 
ideal P' > P such that P' ~* Q. 

• Trp(pt(_Eg)) has a torsionfree submodule as an R/ P-module if and only if P ~~> Q. 

Proof. As P is not strictly contained in Q, Proposition 1.8 implies that &im EQ / p t(E Q ){P) — 
Trp(pt(^ Q )). Thus, for any prime P' > P, we see that ann Tr i j(pt(BQ ) ) (P / ) ^ Trp, (pt(£ , Q )). 
The result now follows from Theorem 2.4, Theorem 2.5, and Corollary 3.2. □ 

The lack of an analogue of Theorem 2.5 for wild modules means that the corresponding 
statement must necessarily be weaker. 

Proposition 3.4. Let R be a noetherian ring, and let P and Q be prime ideals, with P not 
strictly contained in Q. Let E be an indecomposable infective with assassinator Q. 

• //Trp(pt(i?)) 7^ and has an unfaithful submodule as an Rj P -module, then there exists 
a P' > P such that P' Q. 

• If Tr p (pt(£ 1 )) has a fully faithful submodule as an Rj P-module, then P Q. 

Proof. The argument is similar to Proposition 3.3. We will need to use Theorem 2.3. Indeed, 
the second statement is Theorem 2.3. It is included here for completeness. □ 

Under certain conditions, there is more regularity in the structure of the local cohomology 
of wild modules. We will add to the above result later in the paper (see Corollary 3.12 and 
Proposition 3.13). 

A pair of prime ideals P and Q are said to be comparable if one is contained in the other. It is 
a major and long-standing open question in ring theory as to whether a link can exist between a 
comparable pair of prime ideals, or whether comparable primes can live in the same clique. We 
say that a ring satisfies {I NCI) if there does not exist a link P •w Q, with P properly containing 
Q. We say that a ring satisfies (INC2) if given prime ideals P < P' and a prime ideal Q, P Q 
implies that P' does not link to Q. There are no known examples of a noetherian ring which 
does not satisfy (I NCI) or (INC2). 

By a dimension function, we mean one in the sense of [16, Definition 6.8.4]. A ring R is 
said to have a symmetric dimension function if there are dimension functions on the category 
of finitely generated right and left modules, both denoted by <9, such that for any bimodule B 
which is finitely generated on both sides, d(nB) = d(Bn). If our ring has a symmetric dimension 
function, then it satisfies both of the above conditions, as linked prime ideals must have the same 
value under this function. 

A ring which satisfies the second layer condition must satisfy (INC1) and (INC2): by [9, 
Corollary 14.5], if P and Q are linked prime ideals, then the classical Krull dimension of R/P 
coincides with that of R/Q. 

We now prove a theorem giving some equivalent conditions for the incomparability of linked 
prime ideals. We will need the following easy observation: 

Lemma 3.5. Let M be an (R, S) -bimodule, and let c G R. Write c* : M — > M for left 
multiplication by c. Let E be an infective S-module. Then, given an S-module homomorphism 
f : M —> E, there exists an S-module homomorphism g : M —> E such that 

M M 
E 

if and only z//(ker(c*)) = 0. 
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Proof. The proof is elementary homological algebra. By the injectivity of E, we have that such 
a map g exists if and only if there exists a map completing 

M — cM 
f 

E 

There is an exact sequence 

->• Uom R (cM, E) -> Hom R (M, £7) Hom jR (ker(c*), £). 

Thus / lies in the image of the first map if and only if / lies in the kernel of the last map, i.e. 
if /(ker(c*)) =0. □ 

The following corollary should be contrasted with [13, (3.5) "Injective Producing Lemma"]. 

Corollary 3.6. Let M be an (R, S)-bimodule. Let E be an injective S-module. If M is torsion- 
free as a left R-module, then Homs(M, E) is divisible as a right R-module. 

Proof. Immediate from Lemma 3.5, as now ker(c*) = for all c G Cr(0). □ 

We now apply the above results to the situation we are interested in: 

Theorem 3.7. Let R be a right noetherian ring, and let P and Q be prime ideals, with P not 
strictly contained in Q. Then, the following are equivalent: 

i. ) There does not exist a prime ideal P' such that P' > P and P' Q. 

ii. ) The set of left torsion elements of PP\Q/PQ is contained in the right torsion bimodule 

of Pn Q/PQ. 

iii. ) TLp(pt(_Eq)) is injective as a right Rj P -module. 

RIP 

iv. ) Tor-L (R/I, P H Q/PQ) is torsion as a right R/Q-module for any left ideal I < R/P. 

v. ) Trp,(pt(.EQ)) = for all P' > P. 

vi. ) Extp( — ,Q(R/Q)) is an exact functor on the category of Rj P -modules. 

Proof, i.) v.) 

This is the content of Proposition 3.3. 
v.) <^=> iii.) 

Corollary 3.2 implies that Trp(pt(i?Q)) is injective if and only if it is fully faithful. The rest 
of the argument is, as above, a consequence of Proposition 3.3. 
iii.) iv.) 

Recall the spectral sequence of Proposition 2.2. We use it to construct the following isomor- 
phism: 

Extp / p( J R//,Homp /Q (F n Q/PQ, pt(E Q ))) 
=Homp /Q (Tor*/ p (R/I, P n Q/PQ), pt(E Q )). 
It is immediate from the above isomorphism that Homp/ q(P C\Q / PQ,j>t(EQ)) is injective as 
an .R/P-modulc if and only if Homp /Q (Torf ' /P (R/I, PDQ/PQ), pt(E Q )) = for all left ideals I 

of R/P. This happens if and only if Torj (R/I , P CiQ / PQ) is torsion as a right -R/Q-module. 

ii.) <==^ iii.) Given c G Cr(P), let c* denote the left multiplication by c on the biomodulc 
PDQ/PQ. 

Recall the isomorphism from eq. (2.2.1): 

Rom R/Q (P nQ/PQ, V t(E Q )) = TT P (pt(E Q )). 

By Lemma 3.5, we have that Homp/Q(P n Q/PQ,pt(Eq)) is divisible as an i?/P-modulc 
if and only if, for all / G Homp /Q (P n Q/PQ, pt(E Q )), /(ker(c*)) = for all c G C R (P). 
Note that U c ec B (P) kcr(c*) is just the set of left torsion elements of P PI Q/PQ, which we 
denote by {T . Rom R/Q (P n Q/PQ,pt(E Q )) is divisible if and only if f( t T) = for all / G 
Honip/Q(F (~l Q/PQ,pt(E Q )). Noting the fact that ker(c*) is a right submodule of P n Q/PQ 
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and the injectivity of pt(Eq) as an i?/Q-module, wc see that this can happen if and only if 
{T is contained in the right torsion sub-bimodulc of P PI Q/PQ, as every non-zero non-torsion 
i?/Q-modulc admits a non-zero homomorphism to pt(£ l Q). 
iii.) vi.) 

From the spectral sequence described in Proposition 2.2, it follows that for any P/P-modulc 

M, 

Hom fl/P (M,Ext^(J?/P, Q(R/Q))) ~ Ext^(M, Q(R/Q)). 

Thus Extfl(P./P, Q(R/Q)) is injective as an P/P-module if and only if Ext R (M, Q(R/Q)) is 
exact as a functor on the category of i?/P-modulcs. □ 

In particular, we get the following corollary, which gives a set of equivalent conditions for the 
incomparability of linked primes: 

Corollary 3.8. Let R be a right noetherian ring, and let Q be a prime ideal. Then, the following 
are equivalent: 

i. ) There does not exist a prime ideal P such that P > Q and P ~~> Q. 

ii. ) The set of left torsion elements ofQ/Q 2 is contained in the right torsion bimodule of 

Q/Q 2 . 

iii. ) Tr , g(pt(£ , Q)) is injective as a right R/Q-module. 

iv. ) Torf" (R/I, Q/Q 2 ) is torsion as a right R/Q-module for any left ideal I < R/Q. 

v. ) Trp(pt(£ Q )) = for all P>Q. 

vi. ) Extp( — , Q(R/Q)) is an exact functor on the category of R/Q -modules. 

Proof. This follows by taking P equal to Q in Theorem 3.7. □ 

Let t(M) denote the torsion submodule of M. 

Corollary 3.9. Let R be a noetherian ring and let Q be a prime ideal. Then Q does not link to 
any comparable prime ideal if and only if t{ R /Q{Q/Q 2 )) = t((Q/Q 2 ) R /Q). 

Proof. This follows using left-right symmetry and Corollary 3.8.ii. □ 

The following corollary can probably be proved by other means, but is an immediate conse- 
quence of Corollary 3.8. 

Corollary 3.10. Let R be a right noetherian ring of right global dimension 1. Let Q be a prime 
ideal in R. Then, there does not exist a prime ideal P such that P > Q and P ■++ Q. In 
particular, if R is a noetherian ring of global dimension 1, linked prime ideals are incomparable. 

Proof. In this case, it is easy to verify condition iii.) in Corollary 3.8. Recall, from Proposi- 
tion 1.8, that Trg(pt(£ , g)) = arnip/ P t(E)(Q)- If R nas right global dimension 1, it follows that 
E / pt(-E) is an injective P-module. Thus annp / P t(E)(Q) is an injective -R/Q-module. □ 

We now prove a result that describes how the structure of the tame indecomposable module 
with assassinator P has some impact on the structure of wild modules with assassinator P. 

Proposition 3.11. Let R be a right noetherian ring, and let P and Q be prime ideals, with P 
not properly contained in Q. Let E be an indecomposable injective module with assassinator Q. 
Then, Trp(pt(i?Q)) embeds as a submodule o/ J^[ ie/ Trp(pt(£')) for some indexing set I. 

Proof. Let x G Eq. The submodule xR contains a submodule U which is isomorphic to a uniform 
right ideal of R/Q. To see this explicitly, note that xR must intersect pt(-Eg) non-trivially. Thus, 
it contains a submodule which is torsionfree as an R/Q- module, and thus contains a uniform right 
ideal U of R/Q. By [9, Lemma 14.9], there is a non-zero homomorphism from U to pt(E), which 
extends to a homomorphism f x : Eq — > E such that f x (x) ^ 0. The maps {fx}xeE Q induce an 
embedding of Eq into Yliei E for some indexing set / (indeed, / can be taken to be Eq). It 
is immediate that annrj. g/ e(Q) = YliciP^iE), and we therefore have that Eq/ pt(EQ) embeds 
into riie/ pt(-B). This implies that amiE Q / p t(E Q )(P) embeds into Yiiei ann E/ pt(E)(P)- As P 
is not contained in Q, however, this is precisely saying that Trp(pt(i?Q)) embeds as a submodule 

ofn <6 iTrJ,(pt(^)). □ 
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Corollary 3.12. Let R be a right noetherian ring. If TTp(pt(E Q )) ^ 0, then TTp(pt(E)) ^ 
for all indecomposable injective modules E with assassinator Q. 

Proof. Immediate from Proposition 3.11 □ 

Under sufficiently nice conditions, we can say even more about the structure of local coho- 
mology modules of wild modules. 

Proposition 3.13. Let R be a noetherian ring which satisfies (INC1) and (INC2). Then, if 
P Q, Tr p (pt(£')) is a fully faithful divisible Rj P -module for any indecomposable injective E 
with assassinator Q. 

Proof. If P w Q, then by (INC1), P is not properly contained in Q and Tr^(pt(£)) ^ 0, by 
Corollary 3.12. If TTp{yt{E)) is not fully faithful as an i?/P-module, then it must have an asso- 
ciated prime P' which properly contains P. As in Corollary 3.8, this implies that TTp, (jpt(E)) 
is a fully faithful i?/P'-module. However, this implies that there exists a link P' Q, by 
Proposition 3.4. This contradicts (INC2). Thus Trp(pt(E)) is a fully faithful i?/P-module. 

We now show divisibility. By what we have done above, in particular, TPp(pt(-Eg)) is fully 
faithful, and Corollary 3.2 tells us that it is divisible. If we let A be the right torsion bimodule of 
PC\Q, then an argument similar to that used in Theorem 3.7 tells us that PDQ/A is torsionfree on 
both sides. As R is noetherian, A is unfaithful on both sides, and we have, for all indecomposable 
injectives E with assassinator Q, an isomorphism Homp(P n Q/PQ, E) = Homp(P n Q/A, E). 
It follows from Corollary 3.6 that Hom^(P DQ/ PQ, E) is a divisible i?/P-module. The spectral 
sequence in Proposition 2.2 tells us that this is isomorphic to TTp(pt(E)). □ 

4. Links between Small Prime Ideals 

In this section, we aim to use some of results in this paper to study the link structure of 
primes ideals of small homologies! height. This question was studied for height 1 prime ideals 
in various rings satisfying a polynomial identity by Braun in [1] , Braun and Warheld in [2] , and 
Lenagen in [14]. Our aim will be to prove results regarding the local link structure of localizable 
cliques in homologically well behaved noetherian rings. 

We will need to assume that the reader is familiar with the theory of Auslander-Gorenstein 
rings, and the notion of an AS-Gorenstein ring. As a reference for details about these objects, 
we recommend [10]. 

Over a right noetherian ring, there is an integer valued function jp on the category of finitely 
generated modules, known as the grade. 

j R (M) = M{i\E^ R (AI,R) ^ 0}. 

Over an Auslander-Gorenstein ring R, —Jr is a dimension function, in the sense of [16, 
Definition 6.8.4]. An Auslander-Gorenstein ring R is said to be grade- symmetric if given any 
(R, i?)-bimodule B which is finitely generated on both sides, Jr{rB) = ]r(Br). R is said to be 
weakly bifinite if given a subquoticnt B of R, Ext^(i?, R) is finitely generated as a module on 
both sides for all i. 

We record one more definition, for use later in this paper. An artinian ring A is said to be 
weakly symmetric if given rings L and T and bimodule l,Ma and tNa (resp. a^l and a^t) 
which arc finite length on both sides, Hom^(M, N) is a (T,L) (resp. (L,T)) bimodule which is 
finite length on both sides. 

If M is a module over a ring R, the socle series ([9, Page 78]) of M is the ascending chain of 
submodulcs defined inductively by soc" +1 (M)/soc n (M) = soc(M/soc n (M)). 

Definition 4.1. Let C be a clique of prime ideals in a noetherian ring R. We say that C is 
localizable if X, the intersection of elements regular modulo Q for every prime Q £ C, is a right 
and left Ore set, and the localization Rx satisfies the following properties: 

a. ) Prime ideals of the form Qx, as Q varies across C, are the only right and left primitive 

ideals in Rx- 

b. ) The quotient ring Rx/Qx is simple artinian for all Q e C. 
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X is said to be right classically localizable if, in addition to the conditions given above, for 
all P G X, Ep x is the union of its socle series. If C is right (classically) localizable, with 
corresponding Ore set X, we will denote its localization by Rx ■ 

Suppose we have a localizable clique C in a ring R; let its corresponding Ore set be denoted 
by X. In this case, as the only left and right primitive ideals of Rx are those of the form Qx for 
Q G C, the left and right simple -Rx-modules are parametrized by the prime ideals in the clique. 
For the purposes of this section, we will use the notation S p to refer to the unique simple right 
.Rx-niodule with annihilator Px, and P S for the unique simple left i?x-module with the same 
property. 

In certain situations, the localization of a ring at a localizable clique has nice homological 
properties. 

Proposition 4.2. Let R be an Auslander-Gorenstein, grade- symmetric ring, and let C be a 
localizable clique of prime ideals, with corresponding Ore set X . Then, Rx is an AS-Gorenstein 
ring of injective dimension Jr{R/ P), where P is any prime ideal in C , and there is a bijection 
D : C — > C such that given P G C and any right module M of finite flat dimension, there is an 
isomorphism: 

Tbrf * (M x , D{P) S) S Ext^ R/P) -\S p , M x ). 

Proof. This is [20, Proposition 1.10]. Another reference is [19, Proposition 2.2.2]. □ 

We note that there is a symmetric result for left modules, with the map D replaced by the 
map D' . 

The following lemma is also useful; it tells us that links are reflected in localizations. 

Lemma 4.3. [9, Exercise 13H] Let X be a right Ore set in a noetherian ring. Let P and Q be 
prime ideals disjoint from X. Then, Px Qx if and only if P ~-> Q. 

The following is an immediate consequence of what we have done above. Note that if Q 
belongs to a localizable clique with Ore set X, then pt(£ l g) carries an i?x-module structure, 
and is isomorphic to a simple summand of Rx/Qx, i-c it is isomorphic to S®. 

Proposition 4.4. Let R be a grade- symmetric, Auslander regular ring. Let C be a localizable 
clique, and let P and Q be prime ideals in C . Then, 

E^ Rx (Rx/Px,SQ) £ T^ w *>)-i( sQ >™ S ) KaW ™ 
In particular, P Q is and only if r £oT^, R , p \_ 1 (Rx/Qx>Flx/D(P)x) 7^ 0. 
Proof. This is immediate from Proposition 4.2, Proposition 3.3 and Lemma 4.3. □ 

Remark. It is sometimes possible to better understand the bijection D mentioned in Proposi- 
tion 4.2. Whenever R is an dualizing complex over itself with the trace property for prime ideals 
with respect to a bijection <f> : Spec(i?) — > Spec(i?), it follows that D is induced by this map 
4>. This situation often arises when R is a complete semi-local noetherian ring which admits a 
Morita duality: in this case the trace map is <p = ipr], where ip is the automorphism of Spec(i?) 
coming from the Morita duality, and 77 is a distinguished automorphism of R - see [7] and [22] . 
Other examples of this phenomena arise when R is a connected graded /c-algebra over some held 
- again, [22] is a good reference for more information on this situation. 

We can use Proposition 4.4 and Lemma 4.3 to determine the link structure around primes of 
small homological height. Recall the isomorphisms given in Lemma 2.1. 

Proposition 4.5. Let R be a grade- symmetric Auslander regular ring. Let P be a prime ideal 
with a localizable clique such that Jr(R/ P) = 1. Then, P Q if and only if Q = D{P). The 
clique of P looks like: 

{... ~» D'(P) P ~* D{P) ~» ...}. 
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Proof. By Proposition 4.4, we are looking for primes Q such that 

Tor** {R x /Qx,R x /D{P) x ) + 0. 

Note that in Rx, the primes in the clique of P correspond to distinct maximal ideals. Thus, 
ToT^ x (R x /Qx,Rx/D(P)x) + if and only if Q = D(P). Thus P ~» Q if and only if 
Q = D(P). The fact that D'D is the identity tells us that Q ~> P if and only if P = D(Q) if 
and only if D'(P) = Q. The result on the structure of the clique follows. □ 

In particular, a prime ideal of homological height 1 is localizable if and only if D(P) = P. 
Thus for nice rings, cliques of small prime ideals appear in a 'line'. It is curious to note that 
the situation for prime ideals of homological height 2 has quite a different flavour to it. 

Proposition 4.6. Let R be a grade- symmetric Auslander regular ring. Let P be a prime ideal 
with a localizable cligue such that jn(R/ P) = 2. Then, P -w Q if and only if Q D{P). 

Proof. In this case, we are looking for prime ideals Q such that 

Tor? x (R x /Qx,Rx/D(P)x) ^ 0. 

However, as before, the primes in the clique of P correspond to maximal ideals in Rx- By 
Lemma 2.1, Torf x (R x /Qx, Rx/D(P) x ) + if and only if Q x ~» D(P) X - However, by 
Lemma 4.3, this happens if and only if Q D(P). □ 

5. Density and Indecomposable Injegtives 

An immediate consequence of Jategaonkar's main lemma (Theorem 1.13) is that over a noe- 
therian ring, the second layer of a tame module contains only tame submodules; we generalized 
this fact to one sided noetherian rings in Theorem 1.14. 

In this section, we attempt to study such questions for wild modules. The results that we will 
obtain give, in particular, some information about the structure of wild indecomposable injective 
modules. 

Question. Let R be a noetherian ring. Let U be a wild uniform module over R. Can the second 
layer ofU contain a tame submodule? 

By using Proposition 1.8, we see that this question is equivalent to the following one: 

Question. Let R be a noetherian ring, and let P be a prime ideal in R. Is it possible for 
TV P {pt[E)) to have a torsionfree submodule when E is a wild indecomposable injective module? 

Such questions were investigated by Jategaonkar in [12] for polynomial rings, Brown in [3] for 
group rings of polycyclic-by-finitc groups, and Lenagan in [15] for algebras with finite Gelfand- 
Kirilov dimension which satisfy the strong second layer condition. In all of these cases, it was 
shown that second layers of wild modules are indeed wild: the proof for polynormal rings appears 
in [12, Theorem 3.7], while the corresponding argument for polycyclic-by-finite group rings, as 
described in [6, Theorem 5.12], follows by looking at [3, Corollary 7.2] and [11, Proposition 
6.3.14]. The result for algebras with finite GK-dimension appears as [15, Corollary 1.8]. 

We also note that there is an example of a ring such that the second layers of wild modules 
are not wild, constructed by Goodearl and Schofield in [8]. Both this negative result and the 
positive results given above were framed in terms of Jategaonkar's density condition. Let R 
and 5* be prime noetherian rings, and let B be an (S, P)-bimodule which is torsionfree on both 
sides. B is said to satisfy the right density condition with respect to an indecomposable injective 
E if HoniR,(B,E) is a torsion S'-module. We further say that B satisfies the density condition 
if it satisfies the density condition with respect to every indecomposable injective module. By 
abuse of notation, a noetherian ring R is said to satisfy the density condition if given prime 
ideals P and Q, every linking bimodule between P and Q satisfies the right density condition. 
Jategaonkar proved, in [12, Theorem 3.5], that a ring satisfies the right density condition if and 
only if second layers of wild modules are wild. While we do not give a proof of this result in this 
section, the reader should be convinced of its plausibility by examining the formula eq. (2.2.1). 

The following concepts were defined in [20] and [19]. 
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Definition 5.1. Let R be a grade-symmetric Auslander-Gorenstein ring. A prime ideal P is 
right correct if Ext^(P/P, R) is torsion as an P/P-module whenever i > jn(R/P), 

Definition 5.2. Let R be a grade-symmetric Auslander-Gorenstein ring. A prime ideal P is 
right localizably correct if 

1. ) The clique of P is localizable, with corresponding Ore set X. 

2. ) P is right correct. 

3. ) There are isomorphisms of {Rx, Px)-bimodules: 

Ert£ WP) {R/P, R) ® R R x S R x ®r Exfr£ (H/P) (P/P, R) 

^E^ R/P) (Rx/Px,Rx). 



A clique of prime ideals C is right localizably correct if all of the prime ideals in C are right 
localizably correct. 

There are obvious definitions of left correct and left localizably correct prime ideals, where we 
instead choose to work in the category of left modules. A prime ideal is correct (resp. localizably 
correct) if it is both left and right correct (resp. localizably correct). There is the obvious 
definition of a localizably correct clique. 

Proposition 5.3. The following are examples of correct and localizably correct prime ideals: 

a. ) If R is an Auslander-Gorenstein, grade-symmetric, weakly bifinite ring, then every prime 

ideal is correct. Furthermore, if R satisfies the second layer condition, then every prime 
ideal with a localizable clique is localizably correct. 

b. ) Let k be a field. Let R be a k algebra with a noetherian connected filtration such that 

gr(A) is commutative of finite global dimension. Then, every prime ideal in R is correct. 
If a prime ideal P has a localizable clique, then it is localizably correct. 

c. ) Let k be a field. Let R be a complete local Auslander-Gorenstein k-algebra with maximal 

ideal m such that R/m is weakly symmetric. Then, every prime ideal in R is correct. If 
a prime ideal P has a localizable clique, then it is localizably correct. 

Proof. This follows from [20, Proposition 4.1] (or [19, Proposition 3.2.3]), using [21, Theorem 
6.17], [21, Proposition 6.18] and [22, Proposition 4.5 (1)] for b.), and [7, Theorem 0.1] and [22, 
Proposition 4.5 (2)] for a). Part a.) is a direct consequence of [20, Proposition 4.1] (or [19, 
Proposition 3.2.3]). □ 

Remark. It turns out that the statement in part c.) of the above proposition continues to hold 
when k is a discrete valuation ring. We show this in a forthcoming paper, tentatively titled 
'Dualizing Complexes and Discrete Valuation Rings'. Another reference for this is [19]. 

The above notions were defined in order to prove the following theorem. 

Theorem 5.4. Let R be a grade- symmetric Auslander-Gorenstein ring, and let P be a right 
localizably correct prime ideal with clique C with corresponding Ore set X . Let M be a module 
of finite flat dimension. Then, for all i there is an isomorphism of right Rj P -modules: 

Ex4(i?/P, M) ® R R x ~ Ex4 x (Rx/Px,M x ). 

Proof. This is [20, Theorem 4.3]. Another reference is [19, Theorem 3.2.5]. □ 

Theorem 5.5. Let R be a grade- symmetric Auslander regular ring. Let P be a localizably 
correct prime ideal. Then, given a wild indecomposable injective module E with assassinator Q, 
TT P (j)t(E)) is a torsion R/ P -module. 

Proof. Suppose not. If TPp(pt(P)) has a torsionfree submodule, then Proposition 3.3 implies 
that P Q. Thus Q lies in the clique of P. It follows that pt(P) vanishes when we localize at 
the clique of P, and by Theorem 5.4 we have a contradiction. □ 
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Corollary 5.6. Let R be a grade- symmetric Auslander regular ring. Let M be a uniform R- 
module with associated prime Q such that pt(M) is torsion as an R/Q-module. Then, given a 
localizably correct prime P, every submodule of M / pt(M) with associated prime and annihilated 
by P is torsion as an RjP-module. 

We can reformulate Theorem 5.5 into a result involving the density condition. Note that by 
Lemma 3.5, in a ring which satisfies (INCf ) and (INC2), the left and right torsion sub-bimodules 
of PD Q I PQ coincide whenever P Q. We call this common bimodule the torsion bimodule of 
the link. The quotient of P H Q by the torsion bimodule coincides with what Jategaonkar refers 
to as the 'strongest link' between P and Q. 

Theorem 5.7. Let R be a grade- symmetric, Auslander regular ring such that every prime ideal 
is localizably correct. Let P and Q be prime ideals such that P ~> Q, and let the clique of P be 
localizable. Then, POQ/A satisfies the right density condition, where A is the torsion bimodule 
ofPnQ/PQ. Furthermore, every linking bimodule between P and Q satisfies the right density 
condition, and R satisfies the left and right density conditions. 

Proof. There is a bijection between injectivc modules over R/Q and injective modules over R 
with assassinators containing Q. Thus, let E be an injective module with assassinator containing 
Q, excluding Eq. We have, by the spectral sequence in Proposition 2.2, an isomorphism 

Rom R/Q {P D Q/A,&nn E (Q)) = TT P (ann E (Q)). 

We can now argue as in Theorem 5.5 to see that the above module is torsion as an i?/P-module. 

If P n Q/L is any linking bimodule, it is immediate that A C I. It therefore follows that 
Kom R /Q(PPiQ/L, anns(Q)) is a submodule of Hom R / q(P 'CiQ / 'A, amiE(Q)). Thus PnQ/I also 
satisfies the right density condition. □ 

5.1. Transfer Across Links. One can ask what properties of quotient rings are transferred 
across links. For example, [9, Exercise 13D] tells us that if P ~» Q in a noetherian ring R, 
then R/P is artinian if and only if R/Q is artinian. The proof is an application of Lenagan's 
Theorem. We prove a result of a similar flavour: 

Proposition 5.8. Let R be a noetherian ring satisfying (IN CI) and (INC2) with the follow- 
ing property: if P ~~+ Q, and E is a wild indecomposable injective with assassinator Q, then 
Tr p (pt(£ 1 )) is not torsionfree as an RjP-module. If P ~^>Q, then R/P is right bounded if and 
only if R/Q is right bounded. 

Proof. The fact that R/Q right bounded implies R/P right bounded was shown in [6, Remark 
3.6]. We prove the converse. 

Suppose R/Q is not right bounded. Then, by the proof in [9, Theorem 9.15], we see that there 
exists a wild indecomposable injective E with assassinator Q. By our hypothesis, Tr P (pt(i?)) 
contains torsion, and by Proposition 3.13, our hypothesis implies that it is fully faithful as an 
i?/P-module. These facts together imply that R/P is not right bounded. □ 

The above proposition is, in particular, applicable to rings satisfying the density condition on 
linking bimodules, such as those described above. 
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